Abstract. The paper describes a prime factorization of the Catalan numbers.
Introduction
Currently, the decomposition of natural numbers is relevant and in demand to work with big numbers, such as in cryptography. In cryptanalysis, we factorize keys whose length is hundreds of decimal digits. In this regard, the decomposition of special numbers is interesting, since mathematical formulas (recurrent relations, etc) significantly prime factorization of big integers of known numerical sequences. To factorize a huge special number, you may not know its natural form. For example, the 9,999-th Catalan number has a length of 6,000 decimal digits. Of course, such a number is almost impossible to get, but it is easy to factorize. In this article, we will factorize the Catalan numbers with large indexes in examples.
1.1.
The Catalan numbers appear in many combinatorial applications [St15] . Here is the known explicit formula for the general term of the Catalan sequence:
(1.1) Cat (n) = ( ) ⧸ (n +1) = , n ≥ 0.
The first Catalan numbers for n = 0, 1, 2, 3 … are (see [A108] ) 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012…
In number theory for a prime p, the p-adic valuation (or order) of n  ℕ, v p (n), is the highest power of p that divides n (or the number of factors of p in the prime factorization of n). For example, v 2 (6) = v 2 (2) = 1, v 3 (36) = v 3 (9) = 2, v 5 (1000) = v 5 (125) = 3. Let's write some obvious properties for a prime p and n, m, k  ℕ:
2 Chebyshev's Segments and Black Holes 2.1. The first (main) Chebyshev's Segment, S 1 (n) = p (n+1; 2n), contains most of the prime factors of the n-th Catalan number. The remaining primes are distributed to other Segments between which inaccessible gaps, Black Holes, are formed. Chebyshev's Segments do not intersect and have open boundaries similar to S 1 (n). Black Holes also do not intersect, and it is logical to use closed boundaries for them. In this case, the value of the boundaries for adjacent Segments and Black Holes will be the same. For example, the first Black Hole H 1 (n) = p [?; n+1] is adjacent tightly to S 1 (n). Segments and Black Holes are often empty. For example, S 1 (2) = p (3; 4) = , but S 1 (3) = p (4; 6) = {5}. Let's describe (1.2) in more detail:
For an odd prime p,
Let A 1 denote P-interval in which each prime number p occurs in A only once, i.e. v p (A) = 1. Obviously, A 1 = p (2n/3; 2n). Accordingly for B, there is the similar P-interval B 1 = p ((n+1)/2; n+1]; for each p ∈ B 1 , v p (B) = 1. The sets A 1 and B 1 intersect and we can get the first Chebyshev's Segment and the first Black Hole:
Similarly, we obtain the second Chebyshev's Segment and the second Black Hole. Denote by A 2 the P-interval in which each prime p occurs in A exactly twice, i.e. v p (A) = 2. It is easy to see, A 2 = p (2n/5; 2n/3). The appropriate P-interval for B is B 2 = p ((n+1)/3; ((n+1)/2]; for each p ∈ B 2 , v p (B) = 2. We calculate the second Chebyshev's Segment a bit differently.
It is logical to consider B 0 = p (n+1; ∞]. On the basis of the last equations we give general formulas for Chebyshev's Segment and Black Hole:
As a result, we get (2.2a) (n +1) /t = 2n /(2t -1), then t = (n +1) / 2.
In this case for odd n, we get an empty Segment with the same boundaries p (2; 2). And the next Segment is inverted (the lower boundary exceeds the upper one). So we can formulate Proposition 2.1. For the n-th Catalan number, the number of Segments of type (2.2a) is less than (n +1) / 2.
We will omit the index n, if we know what the Catalan number we are talking about. These Segments select a total of 1464 odd primes. We still have to choose 1556 -1464 = 92 primes. The reader can view the remaining Segments and get an additional 60 primes. But closer to the origin, empty Segments appear and their number is growing rapidly. After the first hundred Segments, more and more time is spent on the analysis of empty ones. In this instance, the 345th Segment selects a prime factor 29, and the next prime 23 (descending) is selected by the 435th Segment. For small prime factors, it is impractical to iterate over Segments; it is faster to check directly prime numbers.
□
Any prime is easy to check whether it falls into Chebyshev's Segment or into Black Hole. This analysis is useful for small primes as well as single-element Segments. Consider the corresponding algorithm. Algorithm 2.3. Let p be an odd prime. It is necessary to determine whether p falls into any P-interval (2.2a) or not. If so, then p | Cat (n). There are three steps in the algorithm.
Step 1. Calculate Chebyshev's Segment S u (n) whose lower boundary (n+1)/u is as close as possible to p from below. Easy to see, u = (n +1) /p .
Step 2. If u | n +1 (accordingly p | n +1 too), then p ∈ H u (n) and the algorithm is finished.
Step 3. It remains to compare p and the upper boundary of the u-th Segment. If 
Legendre's layers
Chebyshev's Segments (2.2a) are able to select odd prime factors of Cat (n) over the P-interval p (2; 2n). The Segments do not intersect; if you combine all Segments then we will not get prime powers. But it is! For the prime number p < √ , a power of 2 (squares) is possible and often occurs, a power of 3 (cubes) is possible and often occurs if p < √ , and so on. Obviously, Segments (2.2a) form a layer of the single (non-repeated) factors that are respectively less then 2n; we denote such a SINGLE-layer L (1) (n) and write L (1) (n) = ⋃ (n), t < (n+1) /2. Next, we will talk about high layers: SQUARE-layer L (2) (n), CUBE-layer L (3) (n), and so on.
The power of p in n! is given by
where n/p k  is the number of factors p k in {1, 2, . . . , n}. In number theory, the last equality is known as Legendre's formula (some formulas for the p-adic valuation of the factorial see [Er19] ).
Based on (1.1) and (3.1) we obtain
In the canonical decomposition according to k, prime factors are distributed in layers, which we call Legendre's layers. In the case k = 1 we get SINGLE-layer L (1) (n). In each Legendre's layer, primes are selected by an own network of Chebyshev's Segments. Primes are not repeated in layers; a multiple prime factor of the Catalan number is selected from several layers.
Recall that for the n-th Catalan number, the elements of SINGLE-layer are selected from the P-interval p (2; 2n); and in L (1) (n) the first Segment (n) = p (n+1; 2n) is obvious. Easy to see, the primes of SQUARE-layer are selected from the interval p (2; √ ); and in L (2) (n) Segment (n) = p (√ ; √ ) is also obvi- preceded by the second Segment (n) = p (√ ; √ ) and so on. The general formula for Segments of the n-th SQUARE-layer is
The situation with the n-th CUBE-layer is similar. The elements in L (3) (n)
are selected from the P-interval p (2; √ ), and for example, Segment (n) = p (√ ; √ ) is obvious. For the general case, we formulate the following theorem.
Theorem 3.1. For the n-th Catalan number and the k-th Legendre's layer,
Obviously,
We use the obtained formulas for the decomposition of the Catalan number. The elements of the 9,999-th SQUARE-layer (23 primes) are divided into 11 Segments. We calculated the first six Segments, but then we had to check each prime to accelerate = p (2.7825; 3.0052) = {3}.
As you can see, a prime number 3 has been repeated in layers 6, 7, 8, and 9. Therefore v 3 (Cat (9999)) = 4. Note that in the 7th and 8th layers the first Segments are empty.
□
Let's generalize Algorithm 2.3 to the case of any layer.
Algorithm 3.3. Let p be an odd prime. It is necessary to determine whether p falls into the k-th layer or not. If so, then p | Cat (n).
Step 1. Calculate Segment (n) whose lower boundary √ is as close as possible to p from below. Easy to see, u = (n +1) /p k  .
Step 2. If p k | n +1 (accordingly u | n +1 too), then p ∈ (n) and the algorithm is finished.
Step 3. It remains to compare p and the upper boundary of the u-th Segment. If
Factorize by Kummer's theorem
In the process of factorization of the Catalan number, Chebyshev's Segments allow us to select sufficiently large groups of adjacent prime factors in each Legendre's layer. But it works well only at first. As a Segment number increases, the prime interval decreases dramatically. And to select the last 5-10% of prime factors, we have to spend almost all the time on the analysis of empty Segments. Algorithm 3.3 directly checks a prime for getting into the Legendre's layer. But here, too, it is necessary to find the suitable Chebyshev's Segment and calculate its sometimes cumbersome boundaries. Consider an example with a giant number. decimal signs. Such a number is impossible to imagine, but it is not difficult to obtain a canonical decomposition. In SINGLE-layer, the smallest odd prime is 13, i.e. 
Recall wt p (n) denote the sum (weight) of the digits in the base-p expansion of n.
Let's return to the sum (3.2), in which we are interested in the first term, i.e., the case k = 1. Taking into account Proposition 4.2(i), we obtain for an odd prime p 2n/p -n/p -(n+1)/p = 2n/p -2 n/p , p ∤ n+1.
Let {x} = x -x , the fractional part of a real number x. Then (see [Po15] , p. 2) (4.1) 2n/p -2 n/p = 2{n/p} -{2n/p} = { Obviously, for an integer n and an odd p, {n/p} ≠ ½. According to (4.1), a prime number p falls into SINGLE-layer if we get the carry by doubling {n/p} under the condition that n mod p < p -1 (i.e. p ∤ n+1). In fact, we have echoes of Kummer's theorem from 1852 [Po15] .
Let's issue the received result in the form of the theorem.
Theorem 4.3. For the n-th Catalan number, an odd prime p falls into SINGLElayer if and only if
p /2 < n mod p < p -1 or n mod p  (p /2, p -1).
As a result, SINGLE-layer is easily filled with prime factors. For example, a prime 5 falls into L (1) (n) if and only if n mod 5 = 3  (5/2; 5-1) = (2½, 4) or n = 5i + 3, i ≥ 0. For a prime 7, we get n = 7i + (4 or 5). What about a prime 3? It's simple, there are no integers in the interval (3/2; 3-1) = (1½ , 2). Hence (ii) n mod p k < p k -1;
Corollary 4.4. For the n-th Catalan number,
(iii) wt p k (n+1) = wt p k (n) + 1.
Next, we will follow Carl Pomerance's analysis [Po15] for binomial coefficients. Let's use the Proposition 4.5(i) and simplify the k-th summand in (3.2). The resulting Theorem 4.6 can be called a modification of Kummer's theorem for the k-th Legendre's layer.
